We observe simultaneous type I and IIČerenkov-phase matched second-harmonic generation in a disordered nonlinear photonic crystal. The mean width of the disordered ferroelectric domains and the laser beam width are adjusted to be on the same length scale. We analyze the polarization properties, emission angles and intensities of each process.
Introduction
The broadband frequency conversion in nonlinear photonic crystals (NLPC) of random distribution of the χ (2) -nonlinearity has recently attracted much attention [1] [2] [3] [4] [5] [6] .Čerenkov-type second-and third-harmonic noncollinear emissions are one of the most interesting patterns in far-field because of its spatial properties and spectral dependencies [7] [8] [9] [10] [11] [12] [13] [14] , and potential applications in microscopy [15, 16] . The spatial properties ofČerenkov emission for both SHand TH emissions have been already studied. In general, theČerenkov emission is observable when fulfilling the corresponding longitudinal phase-matching condition, i.e. when the longitudinal phase-mismatch is zero [cf. Fig 1(a) ] : cos θ c = (k (ω) o/e + k (ω) o/e )/k (2ω) o/e , where θ c is thě Cerenkov opening angle, k (ω) and k (2ω) are the wave vectors of the fundamental and second harmonic waves, respectively. This kind of phase-matching condition is considered as a special case of the noncollinear Bragg phase-matching condition. In 2D NLPC it takes a conical form and experiences particular modulation, which can be attributed either to the individual domain shape corresponding to the crystal symmetry or to the polarization properties of the χ 2 tensor or to both [10, 17] . The polarization properties ofČerenkov emission differ depending on the propagation direction with respect to the optical axis of the crystal and of-course on the crystal symmetry. For example, for propagating along the optical axis,Čerenkov emission is radially polarized in SBN, and both radially and azimuthally polarized in LiNbO 3 . Moreover, experiments to enhance the generation efficiency, based on the contribution of the reciprocal grating vectors, in both 1D and 2D periodically poled χ 2 media have been recently successfully performed [18] . However, the physical origin of this phenomenon is still unclear, being caused either by strong nonlinearities on the domain walls [19] or by the broad spectra of reciprocal vectors [15, 17] , although the phase-matching condition for this effect does not exhibit dependencies to reciprocal vectors. A recent study has proved that the sharp modulation of the χ (2) -nonlinearity constitutes a sufficient condition for the emission ofČerenkov second harmonic in bulk materials [20] . Moreover, effect of the strength of the emittedČerenkov harmonic signal and the sensitivity of the emission process to wavelength tuning have also been investigated [21] .
In this paper, we report on three emission possibilities ofČerenkov second-harmonic gen- eration in a multi-domain strontium barium niobate (SBN), indicating three processes allowed by the χ 2 tensor, namely: Type I: e + e → e, o + o → e, and Type II: o + e → o.Čerenkov SHG in random SBN is typically observed when the fundamental wave propagates along the optical axis. However, in this case only one nonlinear process can be observed,
We analyze the opening angle over a wide wavelength range and the polarization state of the individualČerenkov emissions, when the fundamental wave propagates perpendicularly to the optical axis. In this configuration theČerenkov signal is always present, but covered by the transverse emission caused by the broad spectrum of reciprocal vectors [22] . Thus, up to now all threeČerenkov phase-matched SHG processes have not been measured in this configuration.
Experimental methods

Preparation and characterization of ferroelectric domains
As well known, SBN crystals are of 4mm symmetry [23] . The ferroelectric domains are needlelike with cross sections of squares with rounded corners [10] and randomly distributed as seen in Fig. 2 . The domain size distribution can be effectively controlled by applying an electric field along the crystallographic axis of the crystal [22] , or by heating-up over Curie temperature followed by cooling down to room temperature. As a result, SBN crystal can have different average domain sizes beginning from ≈ 300 nm for the cooled-down case as in Figs. 2(b) and 2(c) to several tens of micrometers for the repoled case [22] [see Figs. 2(d) and 2(e)]. To characterize the domain sizes we have imaged the domains using a laser scanning microscope similar to that in [15] . Femtosecond laser pulses with a wavelength of 800 nm and a repetition rate of 80 MHz are focused by a microscope objective with a numerical aperture of 1.49 to a diffraction limited spot size with a width of about 500 nm [see Fig. 2(a) ]. The sample is scanned with a piezo-table in all three dimensions with a step size of 500 nm. When the laser focus hits a domain wall second-harmonic waves are emitted at theČerenkov angles whereas no second harmonic is generated in a crystal volume with a homogeneous χ (2) -nonlinearity. The generation ofČerenkov SHG at a domain wall can explained in the framework of the phasematching condition. AtČerenkov angle, which is only determined by the refractive indices of the fundamental and harmonic waves, the longitudinal phase-mismatch is zero. The transversal phase mismatch is partially compensated for by a wave vector that is nonzero due to the Fourier spectrum of the domain wall [20] . In ourČerenkov SHG microscope the fundamental wave always propagates along the optical axis which leads to oneČerenkov phase-matched SHG 
2.2.Čerenkov type I and II SHG analyzing setup
To observe type I and IIČerenkov-phase matched SHG we use ultrashort laser pulses, generated by a laser system consisting of a mode-locked Ti:sapphire oscillator, a regenerative amplifier and an optical parametric amplifier. The repetition rate is 1 kHz, the pulse duration is about τ p = 80 fs, and the pulse energies are up to 100 µJ depending on the wavelength which can be tuned between 470 nm and 2700 nm. A lens was used to loosely focus the beam, and the sample was placed off the focus plane [see Fig. 1(b) ]. The beam waist of the fundamental waves on the surface of the crystal is around 100 µm. The x-cut SBN crystal used has the dimensions 6.9 × 4.6 × 1 mm. The optical axis is parallel to the longest axis and the crystal sides are polished to optical quality. The linear input polarization is controlled by a λ /2-wave plate appropriate to the used wavelength range. The output polarization in turn is analyzed by a suitable analyzer. We have measured the emission angles for all three processes for different wavelengths and the dependence ofČerenkov SHG intensities on the polarization of the fundamental wave. These results will be presented and discussed in the following section. In addition to the strong signal in the middle, six intensity maxima, three on every side, emitted underČerenkov angles are clearly observable. When looking perpendicularly to the optical axis, this random modulation of χ (2) can be considered as an 1D modulation because of the characteristic elongation of the domains, i.e the large discrepancy in the domain dimensions [see Figs. 2(c) and 2(e)]. Thus, as the domains are much longer in the z-direction (tens of micrometers) compared to the x-direction (nanometers to a few micrometers)Čerenkov SHG is emitted and modulated mainly along the x-axis [see Fig. 1(c) Fig. 1(a) ].
Experimental results and discussion
tribution leads to a Bragg-phase matched SH signal, emitted over a wide angle. The SH intensity distribution strongly depends on the average domain size [22] . For the cooled-down case, i.e. nanoscaled domains, SH signal is weak and scattered, such thatČerenkov emission is covered and not separable. For microscaled domains, the distribution yields a stronger SH signal localized in directions on the plane perpendicular to the optical axis within 20 • from the propagation direction for wavelengths larger than 1 µm [22] . In this case,Čerenkov emission is clearly observable as shown in Fig. 1(c) . In combination with eachČerenkov signal at each side, one can also see a color distribution atČerenkov angle for extraordinarily polarized input beam, from larger wavelength (red) to smaller wavelength (yellow) as a consequence ofČerenkov phasematching condition. This represents the second harmonics in the visible range of the pulse spectrum. The spectral broadening due to the self-phase modulation is also clearly seen [24] . These different intensity maxima are classified and marked, depending on the polarization of the individual signals. The experiment shows that the outer-SH incomplete ring is the weakest ring. That can be attributed to the fact that the o + e → o process has the largest phase mismatch, and thus the weakest intensity. In other words, the transverse phase mismatch is partially compensated by grating vectors of the nonlinear structures. Although the second-order nonlinear coefficients correspond to o + o → e and o + e → o, d 15 and d 31 are nearly equal. It is worth to mention here, that the ring could be complete if the domains are modulated in the z-axis within the illuminated area. The intensities on the plane perpendicular to the optical axis are still stronger. Now, for deeper analysis the opening angle of the individual rings was measured over a wavelength range as shown in Fig. 3 . In general, allČerenkov signals were weak and not detectable for the case of a cooled-down sample, i.e. small domains. Moreover, the measuring over a wide wavelength range has failed, and especially for the e + o → o process, due to low laser intensities below 1200 nm and above 1350 nm. However, the measured data are in good agreement with the expected values, which only depend on the refractive indices [25] . The best results were recorded for input wavelengths between 1150 nm and 1370 nm for the e + e → e and o + o → e processes. The theoretical calculation shows that the total internal reflection of the signals inside the crystal is different for each nonlinear process. For instance, at 800 nm all second harmonics would be transmitted. In contrast, at 700 nm onlyČerenkov SHG from o + o → e process will leave the crystal.
The χ 2 tensor allows three polarization possibilities for the configuration of propagation perpendicularly to the optical axis. For propagating along the y-axis, the corresponding effective second-order nonlinear coefficients are: d o eff = 2d 15 2 ϕ, where ϕ is the input-polarization angle. Analyzing the output intensity of the individual rings was also performed by using an suitable analyzer behind the sample to separate the rings as can be seen in Fig. 4 . The experimental photographs clearly show the positions and the intensity differences of the separated intensity maxima. In the investigated wavelength range 1150 − 1370 nm, the extraordinary SH intensity, which is a result from the interaction e + e → e, is always the strongest component in comparison with the other allowed processes. In the same wavelength range, the ordinarily polarized component exhibits the weakest intensity. For the extraordinary input polarization there is just one SH component e + e → e, whose intensity maximum is still stronger than the maximum corresponding the other extraordinary component when the input polarization is ordinary. Although the phase-mismatch corresponding the o + o → e process is smaller as shown in Fig. 4(a) . We think here that the ratio d 13 /d 33 is too small to be able to compensate this mismatch difference of the two polarization components. The phase-mismatch becomes more clear when comparing the intensities corresponding the processes o + o → e and o + e → o while d 13 and d 15 are equal. Experimentally measured dependence of the SH intensities vs. the input polarization of the fundamental beam is shown in Fig. 4(b) . In all these plots, the polarization of the fundamental beam is varied and the lines show the theoretical results. We note a very good agreement between theory and experiment. AllČerenkov maxima are seen at 45 • with respect to the optical axis, where SH intensity of the process e + o → o reaches its maximum.
We note that cascadedČerenkov-type third-harmonic generation can also be detected. It is weaker and more complex because there are more possible polarization components which are more difficult to be measured.
Conclusions
In conclusion, we have studied Type I and IIČerenkov-phase matched SHG in a multidomain SBN crystal. Typically theČerenkov signals are covered by the broad SH signal that is nonlinear Bragg-matched. However, when the size of the laser focus becomes comparable with the domain dimensions, the intensity of Bragg-matched SHG decreases while the intensity of Cerenkov-phase matched SHG increases. When an extraordinary and an ordinary wave propagate perpendicular to the optical axis, all three nonlinear processes (o + o → e, e + e → e, and o + e → o) areČerenkov-phase matched simultaneously. TheČerenkov opening angles have been measured over a wide wavelength range and the relation of the effective nonlinear coefficients has been determined in dependence of the polarization of the fundamental wave.
